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SUMMARY 

The i n v i s c i d  hydrodynamic s t a b i l i t y   o f  a swi r l ing   coax ia l  j e t  t o  
axisymmetr ic   dis turbances i s  i n v e s t i g a t e d  when t h e  flow i s  incompressible 
b u t   d e n s i t y   s t r a t i f i e d .   I n   t h e  first p a r t  of t he  pape r ,   t he   ax i a l   and  
swirl v e l o c i t y  components  and t h e   d e n s i t y   p r o f i l e s  are a l l  allowed t o   b e  
a rb i t r a ry   func t ions   o f   r ad ius .  Howard a n d   G u p t a ' s [ l ]   s t a b i l i t y   r e s u l t s  
are t h e n   e x t e n d e d   t o   t h i s   c a s e   w i t h   t h e   r e s u l t s :  

( i )  If 9 3- s [ r  p o ( r ) V 2 ( r ) ]  wi th  V t he   az imutha l   ve loc i ty ,  

1 then  a s u f f i c i e n t   c o n d i t i o n   f o r   s t a b i l i t y  i s  9 2 -- [dw] 4 '0 d r  

1 d  2 

r 2 

(ii) If the   f l ow i s  uns tab le ,   then   the   g rowth  rate of   any  unstable  

mode of wavenumber k cannot  exceed --k ( W  - ) where 

'max and W a r e  the grea tes t   and  least  a x i a l   v e l o c i t i e s  m i  n 
occur r ing   i n   t he   f l ow.  

1 
2 max 'mi n 

In   t he   s econd   pa r t ,   f l ow  wi th  a c y l i n d r i c a l   v o r t e x   s h e e t  i s  examined. 
The d i s c o n t i n u i t y   s h e e t   i n t r o d u c e s   a n   i n s t a b i l i t y  which  cannot be s t a b i l i z e d  
by r o t a t i o n  as i n  t h e  cont inuous  case.   Nevertheless ,   the   presence  of   rota-  
t ion   reduces   the   g rowth  rates of   d i s turbances .  The case   o f   r ap id   ro t a t ion  
o u t s i d e ,  and  no r o t a t i o n   i n s i d e ,  i s  p a r t i c u l a r l y   s i m p l e   t o   t r e a t .  For 
t h i s   c a s e  it i s  found t h a t  growth r a t e s   o f  waves of a given wavenumber are 

p r o p o r t i o n a l   t o  ET i f  there i s  a jump i n  swirl v e l o c i t y  as w e l l  as a x i a l  P i  

v e l o c i t y  a t  t h e  vo r t ex  sheet,  and t o  ~ ~ ' ~ ( 0 ~  1 ~ ~ ) ~ ' ~  i f  t h e  swirl i s  con- 
P e  

t i n u o u s   ( i . e . ,  i f  it vanishes)  a t  t h e   i n t e r f a c e .  Here E = -- (where W i s  

t h e  jump i n   a x i a l   v e l o c i t y ,  a i s  t h e   r a d i u s  of  t he   vo r t ex   shee t ,   and  R i s  
a t y p i c a l  anfgular v e l o c i t y )  i s  assumed t o  be small. The q-uant i ty  p i  I p e  

i s  t h e   r a t i o  of dens i ty  of f l u i d   i n s i d e   t o   t h a t   o u t s i d e   t h e   v o r t e x   s h e e t .  

AW 
R a  

INTRODUCTION 

Prof .  F. K. Moore has  suggested that  the  nuc lea r   fue l   o f  a gas core  
nuclear  rocket  might  be  contained by a r ec i r cu la t ing   f l ow embedded i n  a 
p rope l l an t  stream. The p rope l l an t  would completely  surround  the  nuclear  
core  and no s o l i d  walls would be requi red .  The sides of  t h e  rocke t  would 
the re fo re   be   coo led  by the p r o p e l l a n t ,  which  would i n  the  process   absorb 
the  e n e r g y   r e q u i r e d   t o   g e n e r a t e   t h r u s t .  A schematic  of t h e  s i t u a t i o n  
a p p e a r s   i n   F i g u r e  1. 
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Figure 1 

Recirculat ing  eddies ,   a lmost   completely self  conta ined ,   have   in  
f a c t  been  observed t o  form  spontaneously  in   aerodynamic  contexts ,  
p a r t i c u l a r l y   i n   t h e   v o r t i c a l   c o r e  of t he   ro l l ed   up   vo r t ex   shee t s   above  
d e l t a  wings at an   angle   o f   a t tack .  They have a l s o  been  observed t o  
o c c u r   i n   t u b e s ,  when t h e  f l u i d   i n t r o d u c e d   i n   t h e   t u b e   h a s  a swirlinp. 
component ( c f .  M. G .  Hall's r e v i e w   a r t i c l e  [ 2 ]  f o r  a summary and b ib l iog -  
raphy) .  The phenomenon has  been  called  ' 'vortex  breakdown" or "vortex 
bu r s t ing"  by aerodynamicis ts .  

If t h e   r e g i o n   i n s i d e   t h e   c l o s e d  stream surface  can  be  replaced by 
a second   gas ,   t hen   t h i s  phenomenon could  be  used as a containment 
mechanism. 

Possible   shapes  and  f low  pat terns   for   vortex  bursts   have  been 
c a l c u l a t e d  by t h e  au thor  [ 3 ]  under t h e  following  assumptions: 

(a )  the  motion i s  s t eady ,  

( b )   t h e   f l u i d s  are incompress ib le   and   inv isc id ,  

( c )   t h e   s h a p e s   o f   t h e   b u r s t s  are long and  s lender ,  

( d )   t h e   m o t i o n   o f   t h e   f l u i d   o u t s i d e ,  i f  undis turbed by the   p re sence  
o f   t h e   b u r s t ,  would b e   i n   s o l i d  body ro ta t ion   superposed  upon 
a uniform  axial   f low.  

A sketch  of   the  f low  pat tern  found  ( for   which we have  coined  the 
term ' ' s lender   eddies")  i s  shown i n   F i g u r e  2.  The s u r f a c e   o f   t h e  eddy i s  
a v o r t e x   s h e e t   w i t h   t h e   f l u i d   i n s i d e  moving  more s lowly   t han   t ha t   ou t -  
s ide.   There i s  no v e l o c i t y   i n   t h e   a z i m u t h a l   d i r e c t i o n   i n s i d e   t h e  eddy. 
Ou t s ide   t he  eddy t h e  s w i r l  component o f   v e l o c i t y  i s  zero  on t h e  eddy sur- 
face ,   and   increases  as t h e   r a d i a l   d i s t a n c e  from the  eddy  Increases ,  
approaching   so l id  body r o t a t i o n  at l a r g e   d i s t a n c e s .  

2 



There i s  no need f o r   t h e  Rases i n s i d e  and  o u t s i d e   t h e  eddy t o   b e  
t h e  same. I n   p a r t i c u l a r ,  a heavy  gas  could  he  caup;ht i n   t h e   e d d y ,  and 
a l i g h t   g a s  be blown p a s t  it. F i m e  2 shows a ske tch  of t h e   f l o w   p a t t e r n  
uncovered. 

I 

Figure 2 

I n  t h i s   r e p o r t ,   t h e   s t a b i l i t y  of a s i m p l i f i e d  model of t h i s  flow 
pa t t e rn   t o   ax i symmet r i c   d i s tu rbances  i s  examined. No r e s u l t s  are given 
f o r   p e r t u r b a t i o n s  which are not  axiqymmetric. 

The model chosen  has a basic  (unperturbed)  motion which i s  c y l i n d r i -  
c a l .   R e f e r r i n g   t o   F i g u r e  3,  which i s  a ske tch   o f   t he  model t o  be  con- 
s i d e r e d ,  

F igure  3 

w = W ( r )  , v = V ( r )  , u = o , p = p ( r )  , P = p o ( r ) .  

Here p i s  pressure  and p i s  dens i ty .  
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This  model i s  at once more general   and more particular t h a n   t h e  
slender  eddy. The  assumed v e l o c i t y   p r o f i l e s  may be a r b i t r a r y   f u n c t i o n s  
of. r ,  but  a l l  base q u a n t i t i e s  are independen t   o f   t he   ax i a l   coo rd ina te .  
It i s  no t   un reasonab le   t o   expec t   t h i s   cy l ind r i ca l   mode1 , to   s e rve  as a 
representa t ion   of   the   midsec t ion   of  a s lender   eddy .   Fur thermore ,   th i s  
model can  be  used as an  approximation  of   the  coaxial  j e t  gas   co re   r eac to r  
scheme. 

S t a b i l i t y   r e s u l t s   o f  a genera l   na ture  are o b t a i n e d   f o r   t h i s  strati- 
f i e d ,   s w i r l i n g   f l o w   i n   s e c t i o n s  2 and 3 o f   Pa r t  I. The r e s u l t s  are 
g e n e r a l i z a t i o n s   o f   t w o   s t a b i l i t y   c r i t e r i a   d i s c o v e r e d   b y  Howard and 
Gupta [ l ]   f o r   t h e  same problem  but   wi thout   dens i ty   s t ra t i f ica t ion .  The 
p r e s e n t   r e s u l t s  may be  summarized as fol lows.  

(i ) The flow i s  s t a b l e  i f  

For a f low  with W = 0 ,  t h i s  i s  j u s t   t h e   R a y l e i g h   s t a b i l i t y   c r i t e r i o n .  

(ii ) If condi t ion  (i  ) is  v io la ted ,   and  i f  the   r e su l t i ng   f l ow  p roves  
t o  be u n s t a b l e ,   t h e n   t h e  growth rate i s  connected t o  t h e  
propagat ion   speed   of   the  mode by a "semicircle   theorem".   This  
states t h a t   t h e  complex wave speed c = c + i c   o f   t h e   u n s t a b l e  

mode must l i e  i n  a s e m i c i r c l e   i n   t h e   u p p e r   h a l f  complex  c- 
r i 

plane w i t h  c e n t e r  a t  (cy , C .  = [ $(wmin + Wmax ) , 0) and w i t h  

r ad ius  --(Wmax 1 - Wmin) .  Wmax and W are t h e  maximum and 
1 

m i  n 
minimum values   of   axial   speed  which  occur .  Thus the maximum 
possible  growth rate of   an  unstable  mode o f   l e n g t h   l / k  is 
1 
P"max - 'mi n 2 max 

'mi n 

) and it would propagate  at a speed --(W + 1 

), ( i f  it occurs  at all) .  

P a r t  I1 dea l s  w i t h  t h e   s i t u a t i o n   i n  which t h e   d e n s i t y   a n d   v e l o c i t y  
p r o f i l e s  are discont inuous.  When a vor t ex   shee t   occu r s ,  as i n  t h e  s l ende r  
eddy s o l u t i o n ,  t h e  c r i t e r i a   o f   P a r t  I ,  which r e q u i r e   d i f f e r e n t i a b l e  
ve loc i ty   and   dens i ty   p ro f i l e s ,   c anno t   be   app l i ed .  We t h e r e f o r e   s p e c i a l i z e  
our  model  even fur ther .   In   do ing  so,  w e  t r y   t o   r e p r o d u c e  as c l o s e l y  as 
p o s s i b l e   t h e   s a l i e n t  features of t h e  s l ende r  eddy. In  t h e  i n t e r i o r   o f  
the  s lender   eddy,   f low  speeds are very  low compared t o   t h e   e x t e r n a l   f l o w .  
The model u s e d   i n   t h i s   p a r t   t h e r e f o r e  i s  a c y l i n d r i c a l   v o r t e x   s h e e t  w i t h  
z e r o   ( o r   c o n s t a n t ,  it does  not matter) a x i a l   s p e e d   i n s i d e ,  and a d f f f e r e n t  
ax ia l   speed   ou ts ide .   There  i s  no swirl component i n   t h e   i n t e r i o r ,  and 
an a r b i t r a r y  swirl component ou t s ide .  The d e n s i t y   r a t i o  i s  a r b i t r a r y ,  
and t h e  heaw f l u i d  may be e i ther  i n s i d e   o r   o u t s i d e   t h e   d i s c o n t i n u i t y  
shee t .  The s i t u a t i o n  i s  s k e t c h e d   i n   F i p r e  4. 

4 



Figure  4 

Two s o u r c e s   o f   i n s t a b i l i t y  are present   here .  Because o f   t he  d i s -  
c o n t i n u i t y   o f   a x i a l   v e l o c i t y ,  a Kelvin-Helmholtz i n s t a b i l i t y  mechanism 
i s  present .  The second p o s s i b i l i t y  i s  a R e y l e i g h   i n s t a b i l i t y  [ 5 ] ,  i f  
V 2 ( r )  does  not  increase w i t h  rad ius .  There i s  no p o s s i b i l i t y   f o r  stable 
flows i f  t h e  R a y l e i g h   c r i t e r i o n  i s  v i o l a t e d  (we  show t h i s  i n   P a r t  II), 
so we assume t h a t  V2 ( r  ) i nc reases  w i t h  r. It does so i n   t h e   s l e n d e r  eddy 
flow. If t h i s  i s  t h e   c a s e ,   t h e n   r o t a t i o n  i s  a s t a b i l i z i n g   i n f l u e n c e  and 
competes  with t h e  Kelvir-Helmholtz  mechanism. 

" 

O u r  r e s u l t s   f o r   P a r t  I1 may be  summarized as fol lows:  

( i )  Althouph  rotat ion has a s t a b i l i z i n g   e f f e c t ,  a Kelvin-Helmholtz 
i n s t a b i l i t y   D r e v a i l s ,  so  t ha t  t h e  flow  (which has a jump with- 
o u t   s t r u c t u r e )  i s  uns t ab le ,  

( ii) The growth r a t e s   dec rease  as t h e   r o t a t i o n   r a t e   i n c r e a s e s ,  
b e i n g   p r o p o r t i o n a l   t o  

'i k(W) 2 k a I o ( k a )  

'e i R a  Il(ka) 

i f  t h e  s w i r l  at t h e   v o r t e x  sheet ( loca t ed  a t  r = a )  i s  no1 
zero,   and  being  proport ional  t o  

when the  s w i r l  vanishes  at r = a. 

Eere p i  and p, are, r e s p e c t i v e l y   i n t e r i o r , a n d   e x t e r i o r  
d e n s i t i e s ,  R i s  a t y p i c a l   a n g u l a r   v e l o c i t y   i n  t h e  outer   f low,  

f o r  52 l a r g e  t h i s  i s  made more p r e c i s e  l a t e r ) .  and Io and ' t  are modified Bessel func t ions .  The r e s u l t s   h o l d  

5 



The  relationship  between  results of Parts I and I1 is  discussed  in 
the conclusion. 

PART I 

EQUATIONS AND GENERAL  RESULTS FOR INVISCID  STABILITY 
TO AXISYMMETRIC DISTURBANCES 

" - 

Basic Flow and  Small  Disturbance  Equations "- 

The  basic flow field  is  taken  to be, 

where r = ru is  the  circulation,  p(r>  density,  and p pressure.  Some 

general  features  of  its  stability to axisymmetric  disturbances  will  now 
be derived.  The  results  obtained  serve to generalize the work of Howard 
and  Gupta [l] (1962) to which  the  results  of  this  section  reduce  if  the 
fluid  is  homogeneous (p  = constant 1. 

8 

0 

The  equations of motion  governing  an  axisymmetric  flow of an  inviscid 
and  incompressible  (but  density  stratified)  flow  are 

au r2 
at r ar z az  r3 ar ;["- + u - r + - ".I= - 9 

aru aru 

ar az 
"" r + "2- - - 0  

6 
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"- 

We 
so t h a t  

assume t h a t  t h e   b a s i c  flow is  s u b j e c t e d   t o  a small pe r tu rba t ion  , 

'Thus, t h e   p e r t u r b a t i o n s  - Q = (u ,w,y ,P ,TI are governed  by t h e  l inear  
set of equat ions 

yt + wyZ + uDr = o 

( r u I r  + ( r w I Z  = 0 , D = - d . 
dr 

L e t t i n g  Q = q(r) exp [ i ( k z  - u t ) ]  = q(r) exp [ i k ( z - c t ) ]  w e  may r ep lace  

-( ) by - iw( ) and ----- by i k (  ). The equa t ions   fo r  t h e  Four ie r  

components are then  

a a (  1 
a t  az 

7 



(b) ik(W-c )w + uDW = - - i ka  

( c  1 ik(W-c) y + UDr = 0 

( d )  ik(W-c)p +uT)p0 = 0 

where 1 d  
r d r  

D, ( ) = - [r( 11. 

Mow c = c + i c i   and  w e  assume t h a t  c i s  not real  ( i f  it i s ,  t h e  
motion i s  s tabye  ) . Then w e  may l e t  

u = ik(W-c)F(r)  . 
Then from t h e   c o n t i n u i t y   e q u a t i o n   ( b e )  

w = -  D,[(W-c)F(r)l 

while ,   f rom  (4c,d) ,  

y = -FDr 

p = -FDp . 
0 

Eliminat ing TI between ( h a )  and (lib), we f i n d   t h a t  

where 

@ ( r )  = 3 D ( p o T  ) . 1 2 

r 

I n   t h e   c a s e  W = 0 ,  w e  can see from ( 5 )  tha t  @ 3 0 i s  a s u f f i c i e n t  
c o n d i t i o n   f o r   s t a b i l i t y ,   a n d   t h i s   c o n d i t i o n  i s  R e y l e i g h ' s   c r i t e r i o n .  



Semi-circle Theorem I 

We now fo l low Howard and  Gupta.  Multiply ( 5 )  by  rF*,  where t h e  star 
supe r sc r ip t   s t ands  for complex  conjugation,  and  integrate  from r = 0 t o  
r = R. Remembering t h a t   t h e  boundary  condi t ions  require   that  

u ( 0 )  = 0 , so F ( 0 )  = 0 

w e  f i n d   t h a t  

S e p a r a t e   t h i s   e q u a t i o n   i n t o  i t s  real and  imaginary  par ts ,  l e t  

and assume t h a t  c # 0 .  The imaginary  par t  i s  i 

C IR( W-cr )Sdr = 0 i 
0 

or 

IR WS d r  = c jR S d r  . r 
0 0 

The r e a l   p a r t   y i e l d s  

0 j R [ ( W - C r ) ’  - c i 2] S d r  = I R rO(F1 2 d r  
0 

Consider a s t a t i c a l l y   s t a b l e   c o n f i g u r a t i o n ,  

o > , o  

then  

9 
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If a and b are any  two real numbers, t h e  above  equation implies t h a t  

But i f  

a d W d b  

t h e n  t h e  l e f t  hand s i d e  is less than   o r   equa l  to z e r o ,   i n  which  case 

- L(a+b)]2 + ci 2 1  < h-(a-b) 2 ['r 2 

Since a p o s i t i v e  C i m p l i e s   i n s t a b i l i t y ,  a l l  uns t ab le  modes l i e  i n  t he  
s e m i - c i r c l e   i n   t h e   u p p e r   h a l f  complex  c-plane  with  center a t  ( c   c .  ) = 

($a+b), 0 )  and of r a d i u s  L(b-a). A dis turbance   wi th  a wave sDeed n o t   i n  

t he   s emi -c i r c l e   e i t he r  i s  s t ab le ,   w i th   c i  = 0 ,  o r   n o t  a p o s s i b l e   s o l u t i o n  
to   t he   equa t ion   o f   mo t ion .  

i 

1 r y  1 

2 

Howard and   Gup ta ' s   Semic i r c l e   t heo rem  the re fo re   ca r r i e s   ove r   t o   t he  
s t r a t i f i ed   ca se   w i thou t   change .  

S u f f i c i e n t   C o n d i t i o n s   f o r   S t a b i l i t y  

I n  t h i s  s e c t i o n  we show t h a t   t h e   g e n e r a l   s t a b i l i t y   c r i t e r i o n   f o u n d  
by Howard and GuDta f o r   t h e   c a s e   o f  a homogeneous f l u i d   a l s o   h o l d s  i f  t h e  
f l u i d  i s  s t r a t i f i e d ,   p r o v i d e d   t h e   c r i t e r i o n  i s  su i tab ly   modi f ied .  

We r e t u r n   t o   e q u a t i o n  ( 5 )  and. w r i t e  

M = W - c y  

and 

F = M  - m G  

We not e t h a t  

\ 



t h e n ,   i n  terms of C, equat ion ( 5 )  i s  (upon divi.si.on  by I4 I/>') 

D[poMI),G] - k p MG + -G{p !?M. - p U M - 1)MDp } = - [ $  - 6. po(UM) ] . 3 1 3 G 1 2 
0 2 o r  0 0 M 

P4111tiplying t h i s   e q u a t i o n  by rG and in tegra t inp :  from 0 t o  R, we 
* 

Col l ec t ing   t he   imag ina ry   pa r t s   o f   t he  comnlex equat ion 

Therefore ,  e i t he r  c = r> (stab1.e) or el.se i 

y we Ret 

l r d r l  = 0 . 

which i s  a modified form of the  Howard-Gunta r e s u l t .  

S ince   the  l e f t  hand s i d e  must be p o s i t i v e ,   t h i s   e q u a t i o n   c a n n o t  be 
met when 

which i s  t h e r e f o r e  a s u f f i c i e n t   c o n d i t i o n   f o r   s t a b i l i t y  of t h e  flow. 
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PART I1 

THE CYLINDRICAL VORTEX SHEET 

When t h e   d e n s i t y ,   s h e a r   a n d  swirl d i s t r i b u t i o n s   h a v e   v e r y   s h a r p  
g rad ien t s  a t  some c y l i n d r i c a l   s u r f a c e ,   t h e   s t a b i l i t y   c r i t e r i o n   o f   P a r t  I 
becomes d i f f i c u l t   t o   a p p l y .   I n   p a r t i c u l a r ,   t h e s e   d i s t r i b u t i o n s   c a n ,  on 
t h e   i n v i s c i d   s c a l e ,   a p p e a r   t o  be discontinuous.   Although t h e  continuously 
s t r a t i f i e d   c r i t e r i o n  may be p i e c e w i s e   s a t i s f i e d ,   t h e   d i s c o n t i n u i t y   i n t e r -  
f ace  mzy be  unstable .  

T h i s   s i t u a t i o n ,  where t h e   i n s t a b i l i t y  arises pure ly  from t h e  presence 
of a d i s c o n t i n u i t y   s h e e t ,  i s  familiar. For  example,  even  though  the 
i n f l e c t i o n   p o i n t   c r i t e r i a  may be  piecewise satisfied i n   p l a n e   p a r a l l e l  
f low,  a vo r t ex   shee t  i s  uns tab le .  

I n   t h i s   s e c t i o n ,  we examine t h i s   p o s s i b i l i t y .  To do so ,  w e  must 
a c t u a l l y   s o l v e   f o r   t h e   p e r t u r b e d   m o t i o n .   S i n c e   t h i s  i s  i n t r a c t a b l e  for 
a r b i t r a r y   p r o f i l e s ,  w e  must  abandon t h e  general   v iewpoint   taken  in   Par t  I 
and cons ider  a special ,   and  s imple,   basic   motion.  

The model we choose i s  a c y l i n d r i c a l   v o r t e x  sheet,  c lose ly   resembl ing  
the  middle   sect ion  of  a lonE,   s lender   eddy  found  previously.by  the  author .  
Sketch 4 i l l u s t r a t e s   t h e  geometry  considered. 

The d i s c o n t i n u i t y   s u r f a c e  r = a d i v i d e s  t h e  i nne r  ( i )  repion  r < a 
from t h e   o u t e r  ( e )  reg ion  r. > a. The base   f low  in   each   reg ion  i s  taken  
t o  be as fo l lows:  

r < a; p = pi  = cons tan t  

W = W .  = cons tan t  

v = v . = o :  
1 

1 

and r > a; p = pe = constant  

W = W = constant  
e 

v = v ( r )  e 

and  without loss o f   g e n e r a l i t y ,  w e  may t a k e  W = 0. Thus i n  what fo l lows ,  
we d rop   t he   subsc r ip t   o f  i on W and assume if  t o  be the only  non-zero 
a x i a l   v e l o c i t y .  i 

T h i s   p a r t i c u l a r   f l o w   f e a t u r e s  a gene ra l   ex t e rna l  swirl v e l o c i t y ,  
but no swirl in s ide   i n   acco rdance   w i th   t he   s l ende r  eddy so lu t ion .  A s  i n  
t h a t  work, t h e  dens i ty  i s  taken as piecewise  constant .  For s i m p l i c i t y ,  
however, t h e  shea r   a s soc ia t ed   w i th   t he   s l ende r  eddy i s  suppressed  and 
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t h e   a x i a l   v e l o c i t y  i s  taken to be piecewise  constant .  It i s  thought that 
t h i s  model w i l l  p rov ide   u se fu l   qua l i t a t ive   i n fo rma t ion   abou t   t he   s t ab i l i t y  
of   the  s lender   eddy.  

Although w e  are p r i n c i p a l l y   i n t e r e s t e d  i n  t h e  gas core   appl ica t ion ,  
w i t h  pi >> p , we can   car ry   ou t   the   ana lys i s   for  p . / p  a r b i t r a r y .  e l e  

Eigenvalue _- Problem_ 

Equation ( 5 )  holds i n  each  region.  Therefore,  

DD,F - k Fi = 0 2 
i 

and 

If t h e  dev ia t ion   o f   t he   i n t e r f ace  from r = a i s  6 ( z , t ) ,  so t h a t  

r - a = 6 ( z , t )  

d e s c r i b e s   t h e   r a d i a l   p o s i t i o n   o f  t h e  i n t e r f a c e ,   t h e n  

as _.- 
a t  + y . v s = u  r 

If 

6 = g e  i k  (2-ct ) 

where 5 = constant  , then 

ik(W . - c ) s  = ik(W . -c )FeYi(a)  . 
e 9 1  e Y 1  

Thus t h e  kinematical   condi t ion at t h e   i n t e r f a c e  is  

F,(a) = F i ( a )  . 

13 



Also, with We = 0,  Wi = W, 

u i = ik(W-c)Fi 

u = - ikcF e e 

and ,   s ince   u i (0 )  = 0 ,  ue(R) = 0 ,  we have 

F i (0 )  = Fe(R) = 0 . (8 1 

Furthermore,   the   dynamical   condi t ion at t h e   i n t e r f a c e   r e q u i r e s   t h a t  
t h e   p r e s s u r e  match t h e r e ,   o r  

R e f e r r i n g   t o   ( & b y e )  

'TI = +p (W-c ) D,F 2 

so that a t  r = a,  

Equation ( 7 )  must now be   so lved   subjec t   to   these   boundary   condi t ions ,  
where t h e   o b j e c t  i s  t o   f i n d   t h e   e i g e n v a l u e s   c .   I f  c i s  r e a l ,  t h e  flow i s  
s t a b l e ,   i f  complex, it i s  uns tab le .  

The s o l u t i o n   f o r  F which satisfies t h e  boundary  condition on t h e  
a x i s  i s  i 

Fi = AIl(kr )  

S ince   t he   equa t ion   fo r  Fe i s  considerably more complicated,  it i s  
worthwhile t o   pause   t o   s ee   whe the r   any th ing   o f  a genera l   na ture   can   be  
deduced  about  the  problem  short   of  actually  solving it i n   d e t a i l .  

We can now show t h a t   t h e   f l o w  i s  a lways   uns t ab le   t o  waves o f   l a rge  
enough wavenumber p r o v i d i n g   t h a t   t h e r e  i s  a n   a x i a l   v e l o c i t y   d i f f e r e n c e ,  
i . e . ,  W # 0. A byproduct  of t h i s  i s  a demonst ra t ion   tha t   the   f low i s  
s t a b l e   f o r  W = 0 i f  9 > 0 ( R a y l e i g h   c r i t e r i o n )  and u n s t a b l e   i f  4 < 0 f o r  



W = 0. If 0 changes  sign for  W = 0,  t h e n   t h i s   a p p r o a c h   g i v e s  no informa- 
t i o n  as t o   s t a b i l i t y .  

To show t h i s  we begin by making t h e  following  change  of variables: 

G = r F  e 

r 

a 

2 
q = - "  

2 

t h u s  , 

1 d  2 d  
r d r  2 do  
"" - 

a 

and equat ion (7b) becomes 

and C i s  s u b j e c t   t o  t h e  boundary  conditions: 

G(1) = aA I l (ka)  

G(b) = 0 . 
Mult iplying  equat ion (10) by G* and  integrating  from rl = 1 t o  rl = b ,  

w e  have 

1 5  



But from t h e  boundary condi t ions  (111, 

* dG 'i 2 ka  (W-c ) 2 G ( l ) ~ ( l )  = -I&[ Il(ka)I ( k a ) T -  -- 
'e 0 2 

C 

so t h a t ,  on   pu t t i ng  G = aAg 

I 

With  obvious  not at i on, t h i s   e q u a t i o n  may be w r i t t e n  

where Q,  R ,  S ,  are a11 real  numbers wi th  Q > 0 ,  and S > 0. 

Rearranging, w e  have 

( Q  + S ) c 2  - 2QWc - (--- R - Qs) = 0 
'e 

If t h e  d iscr iminant  of t h i s   e q u a t i o n  

then  c i s  rea l ,  and t h e  flow stable, whereas i f   t h i s  i s  not so ,  t h e  flow 
is  unstable .   Rewri t ing t h i s  cond i t ion ,  

C lea r ly ,  if R < 0 ,  t h e n   t h e   i n e q u a l i t y  i s  v i o l a t e d   s i n c e  Q > 0 ,  S > 0 ,  
so t h e   f l o w  i s  uns tab le .  Note that 

is negat ive  i f  $ i s  negat ive .  Thus we assume t h a t  $ > 0 t o  proceed. 
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With R > 0, t h e  flow w i l l  be stable if  e i ther  

The R a y l e i g h   c r i t e r i o n  i s  recovered as a s u f f i c i e n t   c o n d i t i o n  f o r  
s t a b i l i t y  from e i t h e r   o f   t h e s e   b y   p u t t i n g  W = 0. 

From t h e  first c r i t e r i o n ,  

From the  second   c r i t e r ion ,  

Both of these are v i o l a t e d   f o r  0 f ixed  i f  k i s  l a r g e  enough. Thus 
t h e  f low must be uns t ab le  a t  least t o   s h o r t  waves (k  l a r g e )  and it is  
poss ib l e  t h a t  no wavelengths   a re   s tab le .  

2 
Cer ta in ly  it appears  t h a t  t h e   l a r g e r  a---@2- is ,  t h e   g r e a t e r   a r e  t h e  

P e w  
c h a n c e s   f o r   s t a b i l i t y .  T h i s  would l e a d  one t o  hope t h a t  $ could  be 
r a i s e d  high enough so t h a t  t h e  i n s t a b i l i t y  would arise only a t  very h igh  
a x i a l  wave numbers,  where  viscous  dampinc  enters as a s t a b i l i z i n E   f a c t o r .  
Also, it appears t h a t ,  f o r  any  given 0, low  frequency waves  would be more 
l i k e l y   t o  be stable. 

Therefore,   one i s  lead t o  examine what seems t o  be the  most favorable  

s i t u a t i o n   f o r   s t a b i l i t y ,  i. e. , - >> 1, t o  see i f  i't i s  i n   f a c t  stable. 

T h i s  l imi t ing   cond i t ion  w i l l  be  made more p r e c i s e   i n  what fol lows.  

PeWT 

We now non-dimensionalize 4 by in t roducing  a t y p i c a l   a n g u l a r   v e l o c i t y  
Q, a n d   l e t t i n g  

17 



so t h a t  

2 d 2  Ip = "_ p r  = 4 
a n  n 

n 

Large  thus w i l l  mean l a rge   va lues   o f   t he   f r equency   r a t io  aL 

e' 

where E i s  a Rossby  number  based  upon a. 

In  terms  of  a = - - Wk the   gove rn ing   d i f f e ren t i a l   equa t ion  i s  
E w '  

We now o b t a i n   t h e  first term  of  the  asymptotic  expansion of G f o r  
l a r g e  la I *, by the  WBKJ t echn ique   ( J e f f r eys  [ 4 1 ,  "Asymptotic  Approxima- 
t i ons ' '  ). 

Put G = A ( q )  exp aB(n), upon separation  of  powers of a, we f i n d  

Therefore  

B = ? i In :( f f  ' )1'2dn 
1 

and 

L e t  

* Due t o   t h e   s e m i c i r c l e   t h e o r e m ,  wk 2 1 for   an   uns t ab le  mode. R e s t r i c t -  w 
i n g   a t t e n t i o n   t o   u n s t a b l e  modes, then a 2 - and  therefore  i s  l a r g e  i f  1 

E 

E i s  small. S e e   t h e   r e m a r k s   t o  follow on  pg. 20. 
18 
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t h e n  the first approximation t o  G i s  

There are two  impor tan t   spec ia l   cases   to   cons ider  

(i ) x i s  always  non-zero 

( i i )   t h e   s l e n d e r  eddy  case where x ( 1 )  = 0 ,  i . e . ,  at t h e   i n t e r f a c e  
t h e   a n g u l a r   v e l o c i t y  i s  cont inuous,   and  therefore   vanishes  
t h e r e .  

We cons ide r   each   ca se   i n   t u rn .  

Case i 

Since x d o e s   n o t   v a n i s h   i n   t h e   i n t e r v a l  1 < r7 < b, t h e  expression 
(13) f o r  G i s  a uniformly  valid  approximation.  Applying  boundary  condi- 
t i o n s ,  we have 

G ' ( 1 )  = - 'i ( W - C ) ~  ka2 

'e c 
-- AIo(lca) = - -3 j2(1) (c  + D) + i a ( C  - D > X  -1/2 (1) P 2 2  

G ( 1 )  = x ( l ) ( C  + D )  = aAIl(ka) -1/2 

G ( b )  = x (b)(C exp ( i a  Xdq) + D exp (-ia Xdrl)) = 0 . -112 b b 

1 1 

This  leads to   the   fo l lowing   e igenvalue   p roblem (after some manipufat ion)  



or ,  when t h e   d e t   e n n i n a n t  i s  expanded, 

where 

We are p r imar i ly   i n t e re s t ed   i n   va lues   o f   ka   r ang ing   f rom small t o  
moderate. It would not be a p p r o p r i a t e   t o   a t t e m p t   t o   i n f e r  much about 
t h e  behavior   o f   very   shor t  waves (ka  >> 1) from our i n v i s c i d   t h e o r y   s i n c e  
v i s c o s i t y  assumes an   increas ingly   impor tan t   ro le  as ka i n c r e a s e s   ( t h e  
Reynolds number based upon wavelength  decreases as k i n c r e a s e s ,  so t h a t  
k a   l a r g e   c o r r e s p o n d s   t o  low wave Reynolds  numbers). 

With k a   f i n i t e ,   t h e n  E i s  small ( s i n c e  R >> 1 1 ,  bu t  E a  may be 
modera te   o r   even   la rge .   In   fac t  

W 
E a  = - 

C 

which  can  assume  any  value.   In  particular,  i f  t h e r e  are any uns t ab le  
modes, t h e n   f o r   t h a t  mode the  semicircle   theorem  (which s t i l l  a p p l i e s ,  
by v i r t u e   o f   t h e  boundary   condi t ion   (9) )assures   us   tha t  

There are c l e a r l y   a n   i n f i n i t e  number of  real s o l u t i o n s ,  an ,  t o   t h e  
eigenvalue  equat ion ( 1 4 )  a n d   t h e s e   r e p r e s e n t   s t a b l e   o s c i l l a t i o n s .  

On the  o the r   hand ,   t he re  are complex s o l u t i o n s  as w e l l ,  showinE t h e  
motion t o  be  unstable.  These modes and t h e i r  ampl i f i ca t ion  rates are now 
uncovered. 

L e t  

a = a  + i a  
1 2 

and   look   for   so lu t ions   wi th  a l a r g e .   I n  terms of  w = w + i w  2 1 2' 
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I- 

Thus t h e  larger is  a2, t h e  greater t h e   a m p l i f i c a t i o n  rate. I n  t h i s  way 
w e  f i n d   t h e   g r e a t e s t   p o s s i b l e   a m p l i f i c a t i o n  rates f o r   g i v e n  R ( b u t   l a r g e ) .  

a i, i f  a > 0 
A s  a + m, t a n  (aA) % i 

2 g-r ={ -i, if 2 a < 0 
2 

Assuming ampl i f i ca t ion ,  a < 0 ( t o  be checked a p o s t i o r i   f o r  con- 
s i s t e n c y ,  so t h a t  2 

o r  

E a - l = -  -(1 + { p ( l  + E p v )  + "((1 + E U V ) ?  
E V  2 
i 1 2 1 2 

+ 4 E V )  2 2 1/2]1/2 

where t h e  s ign  has been chosen t o  ensure t h a t  a = I m ( c l )  i s  negat ive ,  
s i n c e  w e  have assumed t h i s   t o  be t h e  case .  2 

Now from i t s  d e f i n i t i o n  v depends  on  wavenumber, bu t   fo r  a l l  f i n i t e  

wavenumber, it i s  f i n i t e .  (It always  exceeds -p /p however, so t h a t  

it i s  l a rge   i n   t he   con ta inmen t   p rob lem. )  

1 
2 i e '  

F ix ing  v ,  w e  have the  asymptot ic   va lue   for  a f o r  E small 2 

(x =--I-- 2+. . . 
2 2 

E V  

where t h e   d o t s   r e p r e s e n t   a d d i t i o n a l  small co r rec t ions  of o rde r  E . 2 

Furthermore, t he  real p a r t   o f  a has the  approximate  value 
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Amnlif icat ion rates 

Since 

w = - ”  
Rka  Rka 
U 

- 
1aI2 

t h e  growth rate f o r   a n   u n s t a b l e  mode i s  

and t o  l o w e s t   o r d e r   t h i s  i s ,  

ka 2 1 W E 
kaIo   (ka )  

w = p v ) E  = ;ikwv(”-) = -kw- 2 ’e I l ( k a ) [ f ( l ) f ’ ( 1 ) ] 1 ’ 2  ’ (16 1 

The growth rate f o r  waves of  moderate  length i s  thus   i nve r se lv   p ro -  
p o r t i o n a l   t o   t h e   a n g u l a r   v e l o c i t y   o f  s w i r l ,  a n d   d i r e c t l y   p r o p o r t i o n a l   t o  
t h e   d e n s i t y   r a t i o .  

Although t h e   e f f e c t   o f   r o t a t i o n  i s  s t a b i l i z i n g ,  no  amount o f   r o t a t i o n  
can   comple te ly   s tah i l i , ze  t h e  f l o w   t o  a d is turbance  of any  wave1eng;th. 

ow we a l l  

Case ii -.- ”- 

J x ( 1 )  = 9, which i s  a f 01 e a t u r e  of t h e  s l ende r  eddy theo ry .  
Thus t h e   s o l u t i o n  (13) i s  no t   un i fo rmly   va l id ,   and   i n   pa r t i cu la r  it fails  
at rl = 1, where a boundary  condition must be  appl ied.  We render   the   so lu-  
t i o n   u n i f o r m l y   v a l i d  by t h e   s t a n d a r d  WBKJ t rea tment .  

F i r s t ,  however, w e  apply  the  boundary  condition at rl = b t o  (13) 
which i s  v a l i d   t h e r e .   T h i s   y i e l d s  

G = KX {exp  ( ia lnxdrl)  - e exp  (-ial‘Xdrl)] . -1/2  2iaA 

1 1 

Near rl = 1, 
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or  approximately at 

k a  2 2  
= I + - -  

4h2a2 

as a -+ m. 

If we now in t roduce   t he   s t r e t ched   coord ina te  

5 = (ha 1 2 / 3 ( n  - 1) 

equat ion  (12)  becomes 

if e r ro r   t e rms  of r e l a t i v e   e r r o r  0 (a-*) are i m o r e d .  Thus t h e   t u r n i n g  
poin t  nc l i e s  w i t h i n   t h e  5 "boundary  layer",  and i s  ind i s t ingu i shab le  
from 5 = 0.  The s o l u t i o n  of t h i s   e q u a t i o n   l i n k s   t h e   p o i n t  = 1 with   the  
s o l u t i o n  (17), when properly  matched. The matchina  involves 5 + m i n  
t h i s   " inne r "   r eg ion ,  and r\ -+ 1 i n   t h e   " o u t e r "   r e g i o n .  

The cene ra l   so lu t ion  of (10 )  i s  

Boundary condi t ions  at 5 = C) (q = 1 ) are 

G = aAIl(ka) 

dG 1 - W-c 
drl - 5 V(T) aAIl(ka) = (ha) 213 'dG - 

dS 

2 
" - 

2 3  



where 

and s i n c e  

as E, -+ 0 ,  

31/3 

2 
" D - aAIl(ka) = 0 
r (7) 

and 

1 - w-c 2 
C - - v ("-1 aAI ( k a )  = 0 . 

+r 2 C 1 

Upon e l imina t ing  A ,  

As E, + 03 and rl -+ 1, the   i nne r   and   ou te r   so lu t ions  f o r  G must match. 
As r l  -+ 1, 

Thus, as rl -+ 1, t h e   o u t e r   s o l u t i o n   t e n d s  t o  

?4 



A s  5 + -, t h e   i n n e r   s o l u t i o n  i s  asymptotic t o  

Comparing the   two ,  it i s  s e e n   t h a t  a match r equ i r e s  

4 a 1.16 iaA C = - i K  /IT(?) e COS (aA - -) 'II 3 h 12 

Combining ( 1 9 )  and  (20) ,  we a r r i v e  at the   e igenvalue   equat ion  

A s  i n   c a s e  ( i ) ,  t h e r e   a r e   c l e a r l y  an i n f i n i t e  number of r e a l   s o l u -  
t i o n s   t o   t h i s   e q u a t i o n ,   b u t  we look f o r  complex r o o t s ,   w i t h  a = al + 
ia2 and a2 la rge   and   neEat ive .   In   tha t   event  

v i  
C O S ( ~ A  - -) 12 12 e 

5'II 5n i 

l2 e 1 2  

'TI " ni 
I 

"- SL" - e  3 
C O S ( ~ A  - -) - - 

i f  exponent ia l ly  small e r r o r s  are iqnored. Making t h i s   s u b s t i t u t i o n   i n  
( 2 1 )  and  rearranqinE,   the  equat ion assumes the   fo l lowinp   form,  

X ( E a  - 1) = (ha )?  2 6 

where 
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P u t t i n g  Ea = x and   t ak ing   t he   squa re   roo t  of bo th   s ides ,  

X(x - 1) 2 - x  = 0 . 3 h  
E 

A s  E -f 0 ,  with h and h f i x e d ,   t h e   s i x   s o l u t i o n s  of t h i s   e q u a t i o n   a r e  
asymptot ica l ly  

h 1/2 
EX 

X 
3Y4 

= ? i(-) 

Since   the   equat ion  w a s  der ived  t o  h o l d   f o r  Im(,) l a rge   and   nega t ive ,   the  
on iy   s ign i f i can t   roo t   o f   t h i s   egua t ion  i s  

X 

h 1 /2  
x4 = - i(-) 

EX Y 

c o r r e s p o n d i n g   t o   t h e   a m p l i f i c a t i o n   r a t e  

Again ro t a t ion   appea r s  as a s t a b i l i z i n g   i n f l u e n c e ,   b u t  i s  u n a b l e   t o  
completely  suppress  the  Kelvin-Helmholtz  instabil i ty.  A s  might  be  ex- 
pected,  when the   angu la r   ve loc i ty  starts from zero a t  t h e   i n t e r f a c e ,   t h e  
s t a b i l i z i n g   e f f e c t  of r o t a t i o n  i s  weaker  than i n   c a s e  ( i) .  

DISCUSSION 

I n   l i g h t   o f   P a r t  I ,  some i n s t a b i l i t i e s  uncovered i n   P a r t  I1 a r e  
anomalous. All shear   layers   have a r e a l   s t r u c t u r e ,  and r ep lac inc  a t h i n  
s t r u c t u r e  by a d i s c o n t i n u i t y  i s  done  only to   ach ieve   mathemat ica l   s impl i -  
f i c a t i o n s .  However, i n   t h i s   c a s e  it may l e a d   t o   e r r o n e o u s   r e s u l t s   i f  a 
t h i n   b u t   s t a b l e   s t r u c t u r e   ( b y   P a r t  I )  i s  replaced  by a vor tex   shee t  , 
s i n c e   P a r t  I1 s e e s   t h e   d i s c o n t i n u i t y   s h e e t  as uns tab le .  

26 



. 

T h i s  i s  t r u l y  a pecu l i a r   s i t ua t ion ,   and  demands that t h e  r e s u l t s  
of   Par t  I1 be used  with  an  appropriate  understandinK  of t h e i r  l i m i t a t i o n s .  

A l l  f lows  with jumps i n   a x i a l   v e l o c i t y   a p p e a r   u n s t a b l e   i n   P a r t  11, 
al though,  at least ,  those  wi th  stable s t r u c t u r e  are probably stable. 
However, t h e  r e s u l t s   o f   P a r t  I1 have t h e   f o l l o w i n g   u t i l i t y :  i f  a flow 
( w i t h  a th in   l aye r   connec t ing   r eg ions  where t h e  motion f i ts  the  model of  
P a r t  11) is uns t ab le ,   t hen   t he   ampl i f i ca t ion  rates found i n   P a r t  I1 apply.  

It should be emphasized, that  t h e  i n s t a b i l i t i e s  found i n  t h i s   p a p e r  
are loca l ,   and  do n o t   d i s c r e d i t  t h e  ex i s t ence  of s lender   eddies  as a 
g loba l  phenomenon.  Such eddies have ax ia l ly   va ry ing   shapes  and  flow 
q u a n t i t i e s  which  must c r u c i a l l y   a f f e c t  t h e i r  o v e r a l l   s t a b i l i t y .   I n   f a c t ,  
it i s  known experimental ly  t h a t  these  f lows have a stable exis tence .  
In s t ead ,  a n  i n s t a b i l i t y  uncovered  here  should  be regarded as an   i nd ica t ion  
of   the  extent   of   mixing  which  can be e m e c t e d  between t h e  eddy i n t e r i o r  
and t h e   o u t e r  stream. 

The r e s u l t s  of P a r t  I1 (which may a l s o   a p p l y   t o  t h e  c o a x i a l   J e t  
r e a c t o r )   s u g g e s t   t h a t   t h e   i n s t a b i l i t y ,   a n d  hence t h e  vigor  of  mixing i s  
c o n t r o l l a b l e  by r o t a t i o n   o f   t h e   o u t e r   f l o w .  Without ro ta t ion ,   the   Kelv in-  
Helmholtz i n s t a b i l i t y  i s  much s t ronge r ,  w i t h  a growth rate propor t iona l  
t o  kW. 
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APPENDIX A 

LIST OF SYMBOLS FOR PART I1 

Funct ions   used   in  WBKJ asymptotic  expansion 

C ,D,K Constan ts   used   in  WBKJ expansion 

F Pe r tu rba t ion  stream funct ion  

G G = r F  
e 

Io '1 Modified Bessel Functions 

Q Q = -- - Io(ka)I l (ka)  
"i k a  

"e 2 

2 
R R = T \ ~  'IgI do (Also used as [dimensional]   radius  of tube  w a l l . )  

a 2 

l q  

S 

V Azimuthal  velocity 

W Axial v e l o c i t y  

a Radius  of  vortex  sheet 

b ' R 2 / a 2 ,  where R = tube r ad ius  

C Complex wave speed c = c + i c  r i 

e S u b s c r i p t   r e f e r r i n g   t o   r e g i o n  external t o   v o r t e x   s h e e t  

h h = "(1) df 
dn 



V 

- 
V 

5 

P 

S u b s c r i p t   r e f e r r i n g   t o   r e g i o n   i n s i d e   v o r t e x   s h e e t   ( a l s o  ) 

Wavenumber 

Rad ia l ,   a z imutha l   and   ax ia l   ve loc i ty   pe r tu rba t   i ons  

x = Ea 

r = r V  i s  t h e   c i r c u l a t i o n   ( a l s o   t h e  gamma func t ion )  

Displacement   of   discont inui ty   interface  f rom r = a ,  i . e .   equa t ion  
f o r   i n t e r f a c e  i s  r = a + 6 (z ,t ) 

E = ” -  ’ , Rossby number 
Ra 

x2 = +J)‘ 9 - 3  

- 
v = x(1) v 

Stre tched   coord ina te ,  5 = (h~1)*’~(11 - 1) 

Density 
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w Wave frequency 
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